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Equivalent continuum model of multiple cracking

Modelovani rozptylenych trhlin pomoci ekvivalentniho kontinua

Petr Kabele

Annotation:

A constitutive model for a materia (fiber reinforced cementitious composite) that exhibits
multiple cracking is developed. The model represents a cracked solid as a continuum with identical
macromechanical properties (equivalent continuum). The congtitutive law of the equivalent
continuum is obtained as the relationship between overal stress and overal strain of a
representative volume element (RVE). The RVE is modeled as a solid element intersected by up to
three sets of matrix cracks bridged by fibers. Micromechanics is employed to relate the opening and
sliding displacements of these cracks to the tractions transmitted across the cracks by bridging
fibers.

The constitutive law is implemented into an FEM program, which is used to reproduce an
experiment conducted on a shear beam. Good agreement of the analytical and experimental results
demonstrates validity of the proposed model.
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Abstract:

l&nek pojedndva o konstitutivnim modelu pro materidy (viaknocementové kompozity),
které vykazuji poruSovani ve form rozptylenych trhlin. Tento jev, kdy tahové nap ti zp sobuje
tvorbu velikého mno stvi velmi jemnych trhlinek p eklenutych vidkny namisto jediné veliké trhliny,
jemnohdy é&douci, nebo umo uje kompozitu sk ehkou matrici odolavat velkym deformacim bez
ztréty celkové integrity. Tyto kompozity nachazeji uplatn ni v mnoha stavebnich aplikacich, jako
jsou opravy betonovych konstrukci, vozovky a pr myslové podlahy, antiseismické vyztu ovani
konstrukci a podobn .

Materid s rozptylenymi trhlinami je modelovan jako kontinuum s identickymi
makromechanickymi  vlastnostmi  (ekvivalentni  kontinuum). Konstitutivni  vztahy tohoto
ekvivalentniho kontinua jsou ur eny jako vztahy mezi makroskopickym nap tim a makroskopickou
deformaci reprezentativniho objemu materidlu (RVE). RVE je modelovéan jako t leso porusené a
t emi vzgemn ortogondnimi skupinami rozptylenych trhlin. Vztahy mezi relativnimi posuny
(normd8ovymi a tangencidnimi) povrch ka dé trhliny a vektorem nap ti p endSenym p es trhlinu
vlakny jsou ur eny nazaklad mikromechaniky.

Navr ené kongtitutivni vztahy jsou implementovany do programu zalo eného na metod
kone nych prvk . Tento program je pak pou it k simulaci zat ovaci zkousky smykového tramku.
Dosa ena shoda numerickych a experimentélnich vysledk dokazuje platnost navr eného modelu.



1 Introduction

Multiple cracking is a fracture phenomenon observed in certain fiber-reinforced brittle-
matrix composites when they are exposed to tensile stress. As opposed to formation of a single
localized crack, multiple cracking manifests itself by generation of a large number of distributed
matrix cracks bridged by fibers. These cracks usually form a very fine pattern, having spacing much
smaller than is their length and exhibiting very small opening displacements (Fig. 1 b).
Consequently, multiple cracking permits the composite material to accommodate large deformations
while retaining a macroscopic integrity. This, in effect, allows achieving a highly ductile overall
behavior while preserving other, possibly desirable, properties of the matrix.

The ability to undergo multiple cracking has been demonstrated for example in composites
with cementitious matrix and polymeric or metallic fiber reinforcement. In these materials, multiple
cracking can be achieved by use of continuous aligned or random fibers [3], [4] or large amount of
short fibers [10], [21]. However, employing a methodology based on a conscious micromechanical
design, multiply-cracking composites can be produced also with low volume fractions of short
random fibers. Due to the low fiber content, these materials can be easily produced and shaped by
various techniques (casting, extrusion, spraying, etc.). Composites produced according to the latter
methodology are called Engineered Cementitious Composites (ECC) [18].

Cementitious composites that exhibit multiple cracking find use in many civil and building
engineering structures, whose performance can be greatly improved due to the composites' high
strain capacity. To name a few, we may list repair of concrete structures, durable bridge deck
overlays, continuous pavements, anti-seismic retrofit and others [17],[6]. Nevertheless,
implementation of new materials into engineering practice should be preceded by understanding and
evaluation of their performance at a structura level. This understanding may be significantly
extended through computational analysis. An appropriate numerical tool for this purpose is the
finite element method (FEM). However, the numerical method has to be equipped with a suitable
constitutive model (stress-strain relationship), which truly reflects the mechanica behavior of the
analyzed materials. In the present paper, we describe such a constitutive model for the ECC-class
materials, whose mechanical response is dominated by multiple cracking.

2 Methodical approach

The constitutive model is established utilizing the methods of micromechanics of solids
with defects [20], [22], [2]. Consider a structural member, which is undergoing multiple cracking,
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Fig.1  Multiple crackingin areinforced ECC beam



such as the beam shown in Fig. 1 a. It is possible to identify a volume element, which contains
numerous cracks (Fig. 1 b), yet, compared to the scale of the whole member, it is small enough that
it can be viewed as a material point. Such an element is caled a representative volume element
(RVE). Then, it is acceptable and computationally convenient to idealize the structural member as
one consisting of a homogenous and continuous material (so-called equivalent continuum), whose
macroscopic mechanical behavior is the same as that of the real cracked material. To ensure this
equivalence, the constitutive law of the equivalent continuum may be determined as a relationship
between the overal stress and overal strain of an RVE. These macroscopic overall quantities are
defined as volume averages of corresponding local quantities taken over the RVE (see forthcoming
section Macroscopic stress and strain). The local stresses and strains are estimated through a
mathematical model of the RVE, which captures the RVE's dominant microstructures and
micromechanisms of its deformation.

Note that, in the upcoming derivation, we proceed in the opposite order than we have just
outlined. That is, we start with identification of the dominant microstructures and end up with the
constitutive relations of the equivalent continuum.

3 Microscopic fracture phenomena at RVE level

When a sample of afiber-reinforced composite material undergoes multiple cracking under
uniform stress, afine matrix crack, approximately perpendicular to the loading direction, propagates
amost instantaneously through the specimen as soon as the load attains the composite first crack
strength. Asload increases, existing cracks open and new cracks are generated [9].

The matrix cracking initiates at preexisting microcracks or inhomogeneities. However, the
process of matrix crack propagation from the initial defect has a far less significant effect on the
overal stress-strain relationship than the fiber bridging (traction transfer) that takes place on these
cracks and the evolution of multiple cracks width and quantity.

Consider that, for example, in an ECC materia the crack width is typicaly in the order of
10* m and the crack-to-crack distanceisin the order of 10° m, while the size of geometrical details
of analyzed structures is in the order of 10" m. Therefore, we are able to identify an RVE, size of
which is larger than the crack distance but smaller than the significant structural detail. Referring to
Fig. 1 b, it is seen that the RVE then can be modeled as a solid body intersected by surfaces of
displacement discontinuity, as shown in Fig. 2. These surfaces — cracks — are not traction-free and
normal and shear stresses are continuous across them.

S
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Fig.2  Representative volume element of amaterial in multiple
cracking state



4 Macroscopic stress and strain

The overall macroscopic stress sj; is defined as a volume average of the local microscopic
stressfield ;; X inan RVE of volume V:

Lxodv, (1)

Now, let us consider that the RVE contains a set of p bridged cracks, as shown in Fig. 2. Since no
stress singularities are present and the normal and shear stresses are continuous across each crack
surface (due to fiber bridging action), EQ. (1) can be rewritten, using the Gauss theorem, as integral
over the surface Ssurrounding the RVE V:

1
i Vsti X x;dS, 2

where t; X isthemicro-level traction vector on the boundary S.
The overall macroscopic strain ;s defined as:

1
i Vv i X dv, 3

where ;; X isthe microscopic strain field. Let us again consider the RVE shown in Fig. 2. Since
the cracks represent surfaces of discontinuity in the displacement field, they correspond to Dirac
delta distributions in the strain field. To evaluate the integral of Eq. (3) we separate the integration
domain into the volume between cracks V°, where ;; X is continuous, and cracks. The volume
integral over each k-th crack can be transformed using the Gauss theorem into a surface integral
over surface S, , enclosing the crack (Fig. 2). Considering p cracks in the RVE, we obtain the
following expression:
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where u; stands for the displacement vector and n; is the outward unit normal vector of surface S; .

Let us denote the first term in EQ. (4) as and the second as and call the latter cracking
strain. Thus,

s
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Macroscopic strain j corresponds to the average strain in the continuous materia between cracks,
while cracking strain {J“" represents the contribution to the total macroscopic strain due to cracks.
The expression for cracking strain can be further rewritten considering that surface S, for each
crack is a union of the crack faces S, and S, ; see Fig. 2 on the right. Shape of surfaces S, and
S, is identical, but orientation of the increment dS; and that of the unit norma vector are
opposite. Denoting by u* and n* the quantities associated with surface S, and u~ and n the

quantities associated with surface S, , cracking strain can be expressed as:
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where notation d was introduced for relative displacement vector of crack surfaces:
VAT (7

Component of this vector, which is norma to the crack surface, is called crack opening
displacement (COD); tangential components are called crack sliding displacements (CSD) or crack
dip.

5 Macroscopic constitutive law

To define the macroscopic constitutive law, we have to establish the relationship between
the overall stress and overall strain. To this end, we consider an RV E exposed to a uniform stress on
its boundaries. From Eq. (2) it is evident that the overall stress is then identical with the applied
stress. The applied stress causes deformations and cracking of the RVE, from which the overal
strain can be obtained using Egs. (5) and (6).

5.1 Assumptions

Prior to cracking, the effect of fibers on the overall stiffness of the composite is negligible
due to their low content (about 2% by volume). Thus, in the pre-cracking state the materia is
assumed to be homogeneous and continuous. Consequently, the local microscopic stress is uniform
throughout the RVE and equal to the overall stress. The same holds for strains.

For the state of multiple cracking, we accept the following assumptions about the fracture
phenomena at the microscopic (RVE) level. The assumptions are based on experimenta
observations, e.g. [11], [16], [15].

1. A set of parald planar multiple cracks starts to form when the magnitude of the maximum
principal stress reaches the level of thefirst crack strength sy. The crack planes are perpendicul ar
to the direction of the maximum principa stress. Once a set of cracks is formed, their direction
does not change. However, the cracks may slide if the principal stress direction changes and they
become exposed to shearing. Furthermore, second and third sets of cracks may form, with crack
planes perpendicular to those of the first set, and to each other, if the norma stress in the
respective crack-normal direction exceeds the first crack strength.

2. Crack opening is resisted by bridging fibers, which undergo debonding and pullout from matrix.
The effect of the normal stress parallel to the cracks (tensile or compressive), on the bridging
stress-transfer is neglected.

3. Crack dliding is resisted by pulled-out portions of bridging fibers, which undergo shearing and
bending. This assumption is justified by evidence from micro images of cracked ECC, which
show relatively smooth crack surfaces bridged by numerous fibers but almost no matrix
ligaments.

For simplicity, let us introduce aloca Cartesian coordinate system x- /- z such that, axis x
is normal to the cracks of the primary set, /1 to those of the secondary set, and z to those of the
tertiary set. If the secondary set does not exist, then the direction of axes pair /2 and zis arbitrary in
the primary crack plane. Since we neglect the interaction between the three orthogonal sets of
multiple cracks, we may determine the response due to each set separately and obtain the resulting



response by superposition. Using the separation of the strain tensor given in Eq. (5), we may write:

A ®
where superscripts x; 4, and z indicate association with the primary, secondary and tertiary crack set
(each of which is perpendicular to the respective axis). Theindicesi, j now run through x, /4, and Z.

5.2 Strain of material between cracks

The strain of a continuous material between cracks j is related to stress through the
elastic compliance of an uncracked composite:

i Cisjkl K - 9)
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5.3 Normal cracking strain

Since we neglect the process of crack propagation (i.e., we assume instantaneous
occurrence of a crack intersecting the RVE), we may consider that each crack has a uniform opening
displacement and that the local microscopic stress remains uniform.

Considering the primary set of p* cracks perpendicular to the xaxis, the normal
components of cracking strain are expressed from Eq. (6) as:

ds, ",
: (10)

Symbol ¥ stands for the crack opening displacement of the k-th crack of the primary multiple
crack set.

Considering a prismatic RVE of dimensions |, 17, and I, as shown in Fig. 3, the first of the
above equations can be rewritten as:
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(11)

Thus, the normal cracking strain corresponds to the sum of crack opening displacements

divided by the size | (perpendicul ar to cracks) of the RVE.

Since we consider cracks cutting throughout the RVE, the normal bridging stress s® must
be in equilibrium with (i.e., equal to) the applied uniform stress s.. The relationship between
normal bridging stress and COD has been derived on the basis of micromechanics of fiber
debonding and pullout by Li et al. [14] as:

2
94271 2 1,1 . (12)

Eqd, Eqd;

Here isCOD normalized by 14/2; s, di, E; and V; are fiber length, diameter, Y oung’'s modulus and
volume fraction, respectively; is the strength of frictional bond between fiber and matrix; g is a



snubbing factor and V:E; 1 V, E, ,where E,is the matrix Young's modulus. Note that
Eqg. (12) assumes that fiber-matrix chemica bond is negligible and that fibers do not rupture. A
more general s-d'relationship, which includes these phenomena, can be found in ref. [19].

Crack number p* can be related to the normal bridging stress through the model in ref.

[24]. By substituting p* and Eq. (12) into Eq. (11), we can formally express the desired RVE
compliance equation in the following form:

mc, mc,

(13)

Fig.3  Prismatic RVE with three orthogonal sets of multiple
cracks

If the RVE undergoes multiple cracking in more than one direction, the normal cracking
strains associated with the secondary and tertiary crack sets are obtained in alikewise manner as for
the primary set. Thus, we may generaize Egs. (10) and (13) as

HK:’ J (;I | I (14)
in which index i stands for the crack-normal direction (i = x; /4, z) andj is acrack-parallel direction
( =x h, z, except] =1). Summation rule over indicesis not applied in the above equations.



5.4 Shear cracking strain

Since multiple cracks form on planes perpendicular to principal stress, they are initially
free of shear stress. However, the principal stress direction may change after cracking, resulting in
shear stress acting on the crack planes.

Fig. 4  ldedlization and boundary conditions for a bridging fiber

We first consider an RVE damaged by a single set of parallel multiple cracks,
perpendicular to axis x. As stated in Assumption 3, we assume that shear stress transfer across
cracks occurs only through the pulled-out portions of bridging fibers. The bridging shear stress then
corresponds to the sum of shear forces carried by all bridging fibers, divided by a crack area.

To calculate the shear force carried by a single fiber across the k-th crack, we consider the

fiber as a Timoshenko beam with circular cross-section, spanning a crack of width «,

Corresponding boundary conditions in plane /-x are shown in Fig. 4 , where “isthe component
of relative crack slip in direction /4. Symbol £, stands for the rotation about axis z of the fiber
cross-section where the fiber pulled-out portion enters the matrix, before crack dlip occurs. It is
assumed equal to the angle between the crack normal and the embedded fiber direction, projected
onto plane A-x. The boundary conditions in plane zx are defined similarly. By solving the
boundary value problem with Timoshenko beam governing equations, we obtain the fiber shear
force components as:

Qf
k Akaf k 2 ,
12 E, I,
(15)
Qf Af kGf “ 0 “

k Af kGf k2
12,1,

where E¢ and G; are the fiber axial Y oung® modulus and shear modulus, respectively, k is the cross
section shape correction factor, and A and |; are the fiber cross-sectional area and moment of
inertia, respectively.



To obtain the expression for bridging stress, we consider that fibers have a random spatial
distribution and orientation with respect to the crack surface. Thus, when summing up the shear
force contributions from al randomly oriented bridging fibers, the linear terms involving angles

Froand F,o will cancel out (since for each fiber oriented at angle [ F 1o, F -0 there exists another
fiber oriented at angle [-F 10, -F20]). The bridging shear stress components are then obtained as:

, N A kG, ¥

b
A K q A kG, k2
12 E; I
(16)
b ﬁ A kG, h
A K A kG, k2
12 E, |,

where N, is the number of fibers bridging the crack and A is the crack area. The number of fibers
bridging acrack of width ** can be obtained following [14] as:
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where V; is the fiber volume fraction and s is the fiber length. By substituting Egs. (17) into Egs.
(16) and evaluating A¢ and I for afiber with circular cross-section of diameter dr, we obtain:
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In the case of multiple cracking, we may simplify the above equations by considering that:
The crack width " is much smaller than fiber length I. Then o ¢ iIsmuch smaller than 1/2
and may be neglected.
The crack width ** and fiber diameter d; are of the same order of magnitude. Polymeric fibers

used in most ECCs are highly anisotropic, exhibiting shear moduli two orders of magnitude
lower then axia Young® moduli [23]. Thus, the term added to 1 in the denominator is much



smaller than 1 and may be neglected.
Then,

(19)

k
b ZivfkefT :

It is noted that the above simplified relations in fact neglect the fiber bending and account only for
shearing.

Utilizing Eg. (6) we may in analogy with derivation of Eq. (11) express the shear
components of cracking strains as

1° 1 s 17
me = = ds,= — "
Vi 1s 2 “ 21 k1
(20)
m, 1% 1 o 107
o= — ds, —
Vi 1, 2 “ 21 1
It dso follows from Eq. (11) that
mc, mc
me,  mc (21)

Now, returning to our consideration of a uniformly stressed prismatic RVE, we may consider the
bridging stresses to be uniform and equal to the corresponding stresses applied on the RVE

boundaries. Expressing “ and * from Egs. (19) and substituting them into Egs. (20) and
utilizing Eq. (11) we obtain

e, 1 P2 i
21 1 V kG, KOV kG,
(22)
e, 1P 2 ™
21 1 V. kG, ko VL KG

The above equations indicate that, for a constant crack width and number, the shear cracking strain
vs. shear stress relationship is linear and is the same for loading and unloading. It is noted that,
sliding of the cracks does not contribute any shear strain in the planes parallel with the cracks, thus:

me, m. 0 - (23)

If secondary and tertiary sets of multiple cracks exist, the associated cracking strains can be
determined following the same procedure as the one discussed above. Thus, Egs. (22) and (23) may
be generalized as.

10
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Index i corresponds to the crack-normal direction. Indicesi, j, k run through x; /2, zbut satisfy | |
and k ik | .Summation over indicesis not performed in the above equations.

5.5 Total overall strain

The final 3-D macroscopic constitutive law for ECC material in multiple cracking state is
obtained by combining Egs. (9), (14), (24), and substituting them into Eq. (8).

6 Localized cracks

It is discussed in ref. [12] that multiple cracking can be achieved only when the normal
bridging traction increases with increasing COD. Since fibers are pulled out of matrix and possibly
damaged during the multiple cracking process, this condition can not be satisfied infinitely. At
certain stage of cracking, fibers on some of the multiple cracks become unable to carry increasing
load. Consequently, tension softening occurs on this plane, which triggers fracture localization,
which means that only one of the existing cracks continues to open while others undergo unloading.
When these localized cracks occur in structural members, they are few in number and exhibit
relatively large opening displacements. Nevertheless, these cracks are not immediately traction-free
since fiber bridging action diminishes gradually with increasing crack width. These cracks may be
treated utilizing techniques developed for quasi-brittle materias, such as the fictitious crack model
[5] or the crack band model [1]. Whichever of these approaches is used, it presumes that a
relationship between relative crack displacements (COD, CSD) and norma and tangent bridging
tractionsis prescribed.

6.1 Softening criterion

The exhaustion of composite tensile capacity is usually associated with excessive fiber
pullout and/or damage. Thus, we employ a criterion that transition into softening regime occurs,
when the normal cracking strain reaches critical level . Thevalueof ., may be obtained from
micromechanical models of fiber bridging described in [14], [19], and [24]. Once this criterion is
satisfied by any of the multiple crack sets, we assume that a localized crack forms, parallel with the

cracks of the critical set.

6.2 Crack opening

The softening relationship between normal bridging traction and COD has been derived
based on the mechanics of fiber pullout in ref. [14]. Considering a localized crack with normal
directioni (i may be any of x; A, 2), therelation can be written as:

2
L 2 1,1 .
ii i 2 d . g i Ef d . i

Here | is the localized crack’s COD normalized by |/2. For other symbols refer to Eq. (12).

Equation (25) assumes a constant frictional bond along fiber-matrix interface. A more genera
relationship for slip-hardening bond is provided in ref. [19].

11



6.3 Crack diding

Surfaces of alocalized crack may in addition to opening exhibit a relative displacement in
crack-parallel direction — sliding. When this sliding is moderately small, it is reasonable to assume
that bridging fibers undergo bending and shearing, but only negligible additional pullout even if
norma COD is kept constant. Thus, bridging shear traction can be obtained through Egs. (18),
which can be now rewritten as:

Stress A
—  expeiment
S W"V"l\ N
s, = T T approximation
? N e unloading/rel oading
| % E E \\3\

I 7N

] /ﬂ \

i1 /s 5

P

— >_| 2 \ >
fm Dy
< >< >
Strain COD
Fig.5  Approximation of auniaxial tensile behavior of an
ECC material
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Tablel Materia parameters of PVA-ECC
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Table2 Material parameters of PVA fiber
Ef Gf |f df Vf k
(GPa) (MPe) (mm) (mm) (%) Q)
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Index i corresponds to the crack-normal direction, while index j indicates the direction of crack dlip.
Indices i, j may correspond to any of x, A, z, but they must satisfy j i. No summation over
indicesis carried out in the above equations.

When the crack dliding (CSD) becomes large, it is necessary to consider that bridging
fibers would have to undergo further pull-out to maintain constant COD. In that case, the traction
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Fig. 7  Load-displacement curve of the shear beam computed under
alternating load
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Fig.8  Contoursof normal cracking strain at
failure

Fig.9  Cracking of the shear beam as observed in the
experiment
(courtesy of Dr. T. Kanda, KATRI)

vs. CSD relationship given in ref. [13] should be used.

7 Model validation

The constitutive models described in the present paper have been implemented into general-
purpose finite el ement package MARC and various structural problems have been analyzed [7]. One
of them, which may serve to demonstrate the validity of the present approach, was a reproduction of
atest on reinforced ECC shear beam.

The original experiments are described in ref. [8]. The analyzed beam’s geometry, boundary
conditions and main reinforcement were the same as those given in ref. [8] and they are shown in
Fig. 6. The figure also reveals the finite element discretization. Plane stress 4-node isoparametric
guadrilateral elements were used. Localized cracks were implemented using the crack band
approach.
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The materia used in the physical experiment was an ECC, which consisted of cement paste
reinforced with 2% by volume of PVA fibers (length 12 mm, diameter 40 mm). In the analytica
model, the crack-normal stress-strain (Eq. 14) and stress-COD (Eqg. 24) relations were approximated
by linear functions. As shown in Fig. 5, even with this approximation, the material’s uniaxia
behavior could be matched fairly well. Corresponding material parameters are listed in Table 1.
Table 2 lists the fiber parameters that were used in conjunction with the crack sliding constitutive
model.

The loading history was prescribed so as to be the same as in the physical experiment; i.e., it
consisted of two and a half loading and reversed-loading cycles.

Figure 7 suggests that the analysis captured the load-displacement curve measured in the
experiment fairly well. Namely, the loading branches and the deflection at peak load match very
well. The unloading branches also fit the experimental measurement, though, some difference is
evident as the load approaches zero. This may be due to the fact that residual crack opening upon
crack unloading is not implemented in the micro-level stress vs. relative crack displacement
relations (see Fig. 5).

As for the cracking evolution, the analysis revealed formation of two perpendicular sets of
distributed diagonal multiple cracks. These cracks were undergoing both opening and dliding.
Occurrence of the peak in the load-displacement curve after applying the last loading branch was
associated with localization of fracture into a Z-shaped pattern (Fig. 8). The numerically reproduced
cracking behavior agrees very well with the experimental results, as evident from the photograph in
Fig. 9.

8 Concluding remarks

In the present paper, we have proposed a mathematical model, which captures the
phenomenon of multiple cracking and translates its effects by means of homogenization to a
macroscopic constitutive law. This way, it is possible to treat a materia in the state of multiple
cracking by the tools of continuum mechanics. The proposed model allows for a separate treatment
of crack opening and dliding at the level of a single crack. The model has been implemented into a
general-purpose finite element program MARC.

To validate the model and its implementation, we attempted to reproduce a shear beam
experiment. Our results showed that the model was capable of capturing the behavior under
alternating load and the shear failure mode in a structura member whose response was dominated
by multiple cracking. The results indicate that, although cracks form in the direction perpendicular
to the principa stress, they later undergo sliding and proper treatment of this sliding is crucial for
predicting the correct failure load and localized crack pattern.
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